Abstract. Let A 3 be the set of all positive integers pqr, where p, q, r are primes and possibly two, but not all three of them are equal. For any n = pqr ∈ A 3 , define a function w by w(n) = P (p + q)P (p + r)P (q + r), where P (m) is the largest prime factor of m. It is clear that if
Introduction
Let A 3 = {n = pqr | p, q, r are all primes} \ {n = p 3 | p is prime}.
For any n ∈ A 3 , define a function w by w(n) = P (p + q)P (p + r)P (q + r), where P (m) is the largest prime factor of m. It is clear that w(A 3 ) ⊆ A 3 (see [1, Lemma 2.1]). For any n ∈ A 3 , define w 0 (n) = n, w i (n) = w(w i−1 (n)) for i = 1, 2, . . ., and define the w-orbit of n to be the sequence W (n) = [n, w(n), . . . , w i (n), . . .]. Wushi Goldring [1] proved that for any n ∈ A 3 , there exists i such that W (n) = [ n, w(n), . . . , w i−1 (n), 20, 98, 63, 75 ]. For n ∈ A 3 , the periodicity index of n is defined to be the least nonnegative integer i such that w i (n) ∈ {20, 98, 63, 75}. Denote the periodicity index of n by ind(n). Wushi Goldring [1] proved that ind(n) 4(π(P (n)) − 3), and posed several conjectures related to w(n). Two of them are In this paper we improve the upper bound of ind(n) and employ the Green-Tao Theorem on arithmetic progressions in the primes to confirm Goldring's Conjecture 2.10.
Theorem 1. For any
2 ).
Theorem 2. ind(n) can be arbitrarily large.
Remark. By the Prime Number Theorem, it is clear that log(π(P (n))) ∼ log P (n). By the proofs of Theorems 1 and 2, we believe that Conjecture 2.9 is not true.
Proofs of theorems
We will make repeated use of the following trivial facts. 
Proof. By the definition of w we have
If p αX, then by Lemma 1,
Now we may assume that p > αX. If p = 3, then by q αX and r αX we have q = r = 2. Then P (w(n)) = 5 1 4 (α + 3)X + 4.
Thus we may assume that p 5 and p > αX.
By Lemma 1 we have License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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Case 2. p + 2 is prime. Since p > 3 and p, p + 2 are both primes, we have 3 | p + 4.
Subcase 2.1. q, r are both odd primes. By Lemma 1 we have
(1 + α)X, r 1 αX + 2, and r 1 is odd, by Lemma 1 we have
and
Similarly, when r > q = 2, we can get the same conclusion.
By Lemma 1 we have
This completes the proof of Lemma 2.
Corollary 3. Let X be an integer with X 3 and α be a real number with 0 < α < 1. For n = pqr ∈ A 3 with p q r 3, p X and r αX, there exists 2 i 4 such that
. By Lemma 1 we have
Since w(n) = P (p + q)P (p + r)P (q + r), by Lemma 2, there exists 1 j 3 such that
Therefore, there exists 2 i 4 such that Lemma 4. For any n ∈ A 3 there exists 1 i 2 log(P (n) + 2) + 6 such that
Proof. For any n = pqr ∈ A 3 with p q r 2, we have 
Since 
.).
Assume that for i = 1, 2, ..., k, all of p i , q i , r i are odd primes, and at least one of p k+1 , q k+1 , r k+1 is not an odd prime. Since Case 2. p q > r = 2.
Now we note that P (p + 2) and P (q + 2) are odd primes.
Subcase 2.1. P (p + q) is an odd prime. As in Case 1, there exists 1 i 2 log(p + 2) + 6 such that
• If at least one of p + 2 and q + 2 is not prime, then by Lemma 1 we have
Noting that 2 1 2 (p + 2), by Lemma 2 there exists 1 i 4 such that
• If p + 2, q + 2 are both primes, then p + 4 is odd composite and q + 4 is odd composite or 7, and w 2 (n) = P (p + 4)P (q + 4)P (p + q + 4).
Since P (p + q) = 2, we have 4 | p + q + 4. So
Case 3. q = r = 2. Then n = 2 2 p. By Lemma 2 with α = 2 3 and X = p, there exists 1 i 3 such that
This completes the proof of Lemma 4.
Proof of Theorem 1. For any n = pqr ∈ A 3 let i 0 = 0 and P (n) = p. By Lemma 4 there exist positive integers Let c = max{j m | m ∈ A 3 , P (m) ≤ 97}. Then there exists j with 1 j c such that
By (1) we have
By [1, Corollary 2.6] we have
By (2) and (3) we have
Take an integer k with
That is,
This completes the proof of Theorem 1.
Finally, we employ the Green-Tao Theorem on arithmetic progressions in the primes to confirm Goldring's Conjecture 2.10 [1]; i.e., ind(n) can be arbitrarily large.
Proof of Theorem 2. By the Green-Tao Theorem on arithmetic progressions in the primes (see [2] 
